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The quantum field theory is expanding in de Sitter space-time. The ambient space
formalism let us to develop the quantum field theory in a careful mathematical framework.
Using the gauge-covariant derivative in the de Sitter ambient space, the gauge invariant
Lagrangian density has been found. In this paper, the equations of the conjugate spinor for
massless spin- 3
2
gravitational field is obtained by Euler-Lagrange equation. Finally, these
equations can be written in terms of the operator of the Casimir group de Sitter.
I. INTRODUCTION
The experimental data and observations show that the universe is expanding with at constant
positive acceleration, i.e. the space-time is curved[1–6]. Since the simplest curved space-time that
correspondence to these observations is de Sitter space-time and this space-time has maximal sym-
metry, the group of ten parametric SO (1,4) is the kinematic group of the de Sitter space. Therefore,
quantum field theory and gauge theory are investigated in this space-time[7–15].
Supersymmetry has been introduced as one of the fundamental principles of all the efforts to achieve
the grand unified theory. It acts in such a way that the relationship between the bosons (integer-valued
spin) and the fermions (half-integer spin) is established. In the supersymmetry, all the particles have
a partner. For example, for a graviton ( gravity-carrier particle with a spin-2), a partner with a spin- 32
called gravitino can be considered. With the development of quantum field theory, gauge theories and
their very successful results, everyone began to think about quantization and gauge everything. As far
as gauge theories are concerned, it should be considered that the structure of a particular symmetry
called gauge symmetry, should remain invariant. Quantum gravity theories that use supersymmetry
are called supergravity and seek to unify the gravitational interaction with other fundamental inter-
actions. It should be noted that supergravity is a local supersymmetry theory[16]. Therefore, gauge
theory can be extended to gravity[17].
To understand physical systems, we must obtain the equation of motion of physical quantities or
equally system’s Lagrangian. In Lagrangian mechanics, changes in a physical system are described
through solving the Euler-Lagrange equation for that system’s behavior. The spin- 32 field equation was
first introduced by William Rarita and Julian Schwinger in 1941 using the Euler Lagrange method[18].
In the previous work[13], we introduced Lagrangian for massless spin- 32 field in de Sitter space-time.
Due to the complex and difficult calculations, we intend to present more details of the calculations in
this article . The notation of ambient space is briefly reviewed in Section II. In Section III, through this
notation, we calculate the conjugate spinor field equation also the equation of this field is invariant.
A brief conclusion is presented in Section IV. Finally, details of mathematical calculations are given
in two appendices.
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2II. NOTATIONS
It has been discovered today that the universe is accelerating, with a small, but non-zero and
positive cosmological constant, Therefore, it can be concluded that the shape and geometry of the
universe is curved. So, in the first-order approximation, we can use the de Sitter space-time for its.
This space-time is a 4-dimensional hyperboloid that can be embedded in a Minkowski 5-dimensional
space-time[14, 15]:
XH = {x ∈ IR
5| x · x = ηαβx
αxβ = −H−2}, α, β = 0, 1, 2, 3, 4, (II.1)
where ηαβ =diag(1,−1,−1,−1,−1) and H is the Hubble parameter. The metric is defined as follows:
ds2 = ηαβdx
αdxβ|x2=−H−2 = g
dS
µνdX
µdXν , µ = 0, 1, 2, 3, (II.2)
Xµ is the four components of the space-time coordinates in a system of intrinsic coordinates on a
hyperboloid and xα is the five dimensional Minkowski space-time(de Sitter ambient space). Two
Casimir operators of the group include:
Q(1) = −
1
2
LαβL
αβ, α, β = 0, 1, 2, 3, 4, (II.3)
Q(2) = −WαW
α , Wα =
1
8
ǫαβγδηL
βγLδη , (II.4)
ǫαβγδη is an anti-symmetric tensor, and Lαβ are ten infinitismal generators in de Sitter space. They
can be written as a linear combination: Lαβ = Mαβ + Sαβ . Where Mαβ is the orbital part and Sαβ
is the spinoral part. In this formalism, the space Mαβ is represented as follow:
Mαβ = −i(xα∂β − xβ∂α) = −i(xα∂
⊤
β − xβ∂
⊤
α ), (II.5)
where ∂⊤β = θ
α
β ∂α is the transverse derivative (x.∂
⊤ = 0) and θαβ = ηαβ+H
2xαxβ is the projection
tensor on de sitter hyperboloid. For half-integer spin fields s = l + 1/2 , the spinoral part is defined
as:
S
(s)
αβ = S
(l)
αβ + S
( 1
2
)
αβ , (II.6)
where Sαβ for spin
1
2 field is:
Sαβ = −
i
4
[γα, γβ ], (II.7)
the γ -matrices have to satisfy following relation:
{γα, γβ} = 2ηαβI. (II.8)
A proper display for them is [14, 15]:
γ0 =
(
I 0
0 −I
)
, γ4 =
(
0 I
−I 0
)
, γ1 =
(
0 iσ1
iσ1 0
)
, γ2 =
(
0 −iσ2
−iσ2 0
)
, γ3 =
(
0 iσ3
iσ3 0
)
,
γα† = γ0γαγ0 (γ4)2 = −1 (γ0)2 = 1 (II.9)
where I is unit 2 × 2 matrix and σi are the pauli matrices. It should be noted that for massless
spin- 32 field Q
(1)
3
2
is[13]:
Q
(1)
3
2
Ψα = Q
(1)
0 Ψα+ 6 x 6 ∂
⊤Ψα + 2xα∂
⊤ ·Ψ−
11
2
Ψα + γα 6 Ψ, (II.10)
Q
(1)
0 = −∂
⊤
α ∂
α⊤ is the "scalar" Casimir operator.
3III. CONJUGATE SPINOR FIELD EQUATION FOR MASSLESS SPIN- 3
2
FIELD
It is believed that the gauge theory is the basis of fundamental particle interactions. The Lagrangian
for massless spin- 32 field is peresented, in the linear approximation, by using the gauge theory and
defining the gauge covariant derivative[13]. The vector-spinor field equation Ψα(x) is obtained from
the usual Euler-Lagrange equations. This Lagrangian is invariant under the gauge transformation (see
more details [[19]]):
L =
(
∇˜⊤α Ψ˜β − ∇˜
⊤
β Ψ˜α
) (
∇⊤αΨβ −∇⊤βΨα
)
, (III.11)
∇⊤α is a transverse-covariant derivative which is defined to obtain an invariant Lagrangian according
to the following equation:
∇⊤βΨα1....αl ≡ (∂
⊤
β + γ
⊤
β 6 x)Ψα1....αl −
l∑
n=1
xαnΨα1..αn−1βαn+1..αl . (III.12)
also for the conjugate spinor Ψ˜α :
∇˜⊤β Ψ˜α1....αl ≡ ∂
⊤
β Ψ˜α1....αl −
l∑
n=1
xαnΨ˜α1..αn−1βαn+1..αl . (III.13)
where 6 x = γαx
α and γ⊤α = θ
β
αγβ . The above equations are specifically designed for our calculations:
∇⊤αΨβ = ∂
⊤
αΨβ + γ
⊤
α 6 xΨβ − xβΨα. (III.14)
∇˜⊤β Ψ˜α = ∂
⊤
β Ψ˜α − xαΨ˜β (III.15)
Now we want to obtain the field equation for the conjugate spinor( Ψ˜α = Ψ
†
αγ
0 ) by using the
Euler-Lagrange equation in the linear approximation. The Euler-Lagrange equation is:
δL
δΨ˜m
− ∂⊤l
δL
δ(∂⊤l Ψ˜m)
= 0, (III.16)
First, we extend each terms of the equation (III.11):
A =
(
∇⊤αΨβ −∇⊤βΨα
)
=
(
∂⊤αΨβ + γα 6 xΨβ − ∂⊤βΨα − γβ 6 xΨα
)
, (III.17)
B =
(
∇˜⊤α Ψ˜β − ∇˜
⊤
β Ψ˜α
)
=
(
∂⊤α Ψ˜β − xβΨ˜α − ∂
⊤
β Ψ˜α + xαΨ˜β
)
, (III.18)
By use the Euler-Lagrange equation, we consider the following terms:
δL
δΨm
= (γα 6 xδmβ − γ
β 6 xδmα )
(
∇˜⊤α Ψ˜β − ∇˜
⊤
β Ψ˜α
)
, (III.19)
and
δL
δ(∂⊤l Ψm)
= (δαl δ
β
m − δ
β
l δ
α
m)
(
∇˜⊤α Ψ˜β − ∇˜
⊤
β Ψ˜α
)
, (III.20)
4if β = m , then, one obtains:
δL
δΨm
= γα 6 x
(
∇˜⊤α Ψ˜β − ∇˜
⊤
β Ψ˜α
)
, (III.21)
δL
δ(∂⊤l Ψm)
= δαl
(
∇˜⊤α Ψ˜β − ∇˜
⊤
β Ψ˜α
)
. (III.22)
Now, by placing the above expressions in the Euler-Lagrange equation, the field equation is obtained
as follows:
γα 6 x
(
∇˜⊤α Ψ˜β − ∇˜
⊤
β Ψ˜α
)
− ∂⊤α
(
∇˜⊤α Ψ˜β − ∇˜
⊤
β Ψ˜α
)
= 0, (III.23)
this equation can be written in the summarized form:(
∂⊤α − γα 6 x
) (
∇˜⊤α Ψ˜β − ∇˜
⊤
β Ψ˜α
)
= 0. (III.24)
In the appendix A, the field equations for the conjugate spinor is obtained by using the second
order Casimir operator:(
Q
(1)
3
2
+
5
2
)
Ψ˜α + ∂
⊤
α
(
6 x ˜6 Ψ+ ∂⊤ · Ψ˜
)
− 2
(
γα ˜6 Ψ+ 6 x 6 ∂
⊤Ψ˜α − Ψ˜α
)
= 0. (III.25)
In this here we present the gauge invariant field equation for the conjugate spinor. Given the
definition of Q
(1)
3
2
, we rewrite Equation (III.25) as follows:
−Q0Ψ˜β + Ψ˜β − 2xβ(∂
⊤ · Ψ˜)− ∂⊤β (∂
⊤ · Ψ˜)+ 6 x 6 ∂⊤Ψ˜β − xβ 6 x 6 Ψ˜− 6 x∂
⊤
β 6 Ψ˜ = 0 (III.26)
We show that the above equation is invariant under the following gauge transformation:
Ψ˜α −→ Ψ˜
g
α = Ψ˜α + ∂
⊤
α ψ˜. (III.27)
Therefore, equation (III.26) comes as follows:
−Q0(Ψ˜β + ∂
⊤
β ψ˜) + Ψ˜β + ∂
⊤
β ψ˜ − 2xβ∂
α⊤(Ψ˜α + ∂
⊤
α ψ˜)
− ∂⊤β ∂
α⊤(Ψ˜α + ∂
⊤
α ψ˜)+ 6 x 6 ∂
⊤(Ψ˜β + ∂
⊤
β ψ˜)− xβ 6 x( /˜Ψ+ /∂
⊤
ψ˜)− 6 x∂⊤β ( /˜Ψ+ /∂
⊤
ψ˜) = 0 (III.28)
After we calculate a little:
=⇒= −Q0Ψ˜β + Ψ˜β − 2xβ(∂
⊤ · Ψ˜)− ∂⊤β (∂
⊤ · Ψ˜)+ 6 x 6 ∂⊤Ψ˜β − xβ 6 x 6 Ψ˜− 6 x∂
⊤
β 6 Ψ˜
−Q0∂
⊤
β ψ˜ + ∂
⊤
β ψ˜ − 2xβ∂
α⊤∂⊤α ψ − ∂
⊤
β ∂
α⊤∂⊤α ψ + /x/∂
⊤
∂⊤β ψ˜ − xβ 6 x 6 /∂
⊤
ψ˜ − /x∂⊤β /∂
⊤
ψ˜︸ ︷︷ ︸
=0
= 0 (III.29)
For a gauge invariant, the latest terms must be zero, We have to prove this. To do this we use the
following auxiliary relationships:
[∂⊤α , 6 ∂
⊤] = 6 x∂⊤α − xα 6 ∂
⊤ (III.30)
5[∂⊤α , Q0] = −6∂
⊤
α − 2(Q0 + 4)xα (III.31)
Thus, the latest terms of equation (III.29) are obtained as follows:
−Q0∂
⊤
β ψ˜ + ∂
⊤
β ψ˜ − 2xβ∂
α⊤∂⊤α ψ − ∂
⊤
β ∂
α⊤∂⊤α ψ + /x/∂
⊤
∂⊤β ψ˜ − xβ 6 x 6 /∂
⊤
ψ˜ − /x∂⊤β /∂
⊤
ψ˜
= 2xβQ0ψ˜ + ∂
⊤
β ψ˜ − xβ 6 x 6 /∂
⊤
ψ˜ − 6∂⊤β ψ˜ − 2Q0xβψ˜ − 8xβψ˜ + xβ 6 x 6 /∂
⊤
ψ˜ + ∂⊤β ψ˜ (III.32)
After a few of simplification:
= 2xβQ0ψ˜ − 4∂
⊤
β ψ˜ − 2Q0xβψ˜ − 8xβψ˜ = 2(xβQ0 −Q0xβ)ψ˜ − 4∂
⊤
β ψ˜ − 8xβψ˜ (III.33)
And finally using an auxiliary relationship [xα, Q0] = 2∂
⊤
α + 4xα we have:
= 2(2∂⊤β + 4xβ)ψ˜ − 4∂
⊤
β ψ˜ − 8xβψ˜ = 0 (III.34)
Therefore, we prove that the equation is the invariant field.
IV. CONCLUSIONS
In order to better understand the evolution of the universe, it is necessary to extend the theory of
quantum fields, field interactions, or gauge theory, supersymmetry and supergravity in the de Sitter
space-time. We studied the conjugate spinor field equation by the Euler-Lagrange equation in the de
Sitter ambient space formalism. Furthermore, the field equation in terms of the Casimir operator is
obtained also the gauge invariant field equation is presented. These studies could be appropriate for
supergravity theory in curved space, which could be presented in the future.
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Appendix A: the field equation in terms of Casimir operator
Here we want to show how the field equation is written in terms of the Casimir operator:(
∂⊤α − γα 6 x
) (
∂⊤α Ψ˜β − xβΨ˜α − ∂
⊤
β Ψ˜α + xαΨ˜β
)
= 0, (A.1)
∂⊤α
(
∂⊤α Ψ˜β − xβΨ˜α − ∂
⊤
β Ψ˜α + xαΨ˜β
)
︸ ︷︷ ︸
1
−γα 6 x
(
∂⊤α Ψ˜β − xβΨ˜α − ∂
⊤
β Ψ˜α + xαΨ˜β
)
︸ ︷︷ ︸
2
= 0 (A.2)
We first consider the expression 1:
∂⊤α
(
∂⊤α Ψ˜β − xβΨ˜α − ∂
⊤
β Ψ˜α + xαΨ˜β
)
= ∂⊤α(∂⊤α Ψ˜β)−∂
⊤α(xβΨ˜α)−∂
⊤α(∂⊤β Ψ˜α)+∂
⊤α(xαΨ˜β) (A.3)
= −Q0Ψ˜β − (∂
⊤αxβ)Ψ˜α − xβ(∂
⊤αΨ˜α)− ∂
⊤α(∂⊤β Ψ˜α) + 4Ψ˜β
6= −Q0Ψ˜β − (δ
α
β + xβx
α)Ψ˜α − xβ(∂
⊤ · Ψ˜)− ∂⊤α(∂⊤β Ψ˜α) + 4Ψ˜β
= −Q0Ψ˜β − Ψ˜β − xβ(∂
⊤ · Ψ˜)− (∂⊤β ∂
⊤αΨ˜α + xβ∂
⊤αΨ˜α − x
α∂⊤β Ψ˜α) + 4Ψ˜β
= −Q0Ψ˜β + 3Ψ˜β − 2xβ(∂
⊤ · Ψ˜)− ∂⊤β (∂
⊤ · Ψ˜) + xα∂⊤β Ψ˜α
= −Q0Ψ˜β + 2Ψ˜β − 2xβ(∂
⊤ · Ψ˜)− ∂⊤β (∂
⊤ · Ψ˜)
We first consider the expression 2:
− γα 6 x
(
∂⊤α Ψ˜β − xβΨ˜α − ∂
⊤
β Ψ˜α + xαΨ˜β
)
(A.4)
= −(2xα− 6 xγα)
(
∂⊤α Ψ˜β − xβΨ˜α − ∂
⊤
β Ψ˜α + xαΨ˜β
)
(A.5)
= 2xα∂⊤β Ψ˜α − 2x
αxαΨ˜β+ 6 x 6 ∂
⊤Ψ˜β− 6 xγ
αxβΨ˜α− 6 xγ
α∂⊤β Ψ˜α+ 6 xxαΨ˜α (A.6)
= 6 x 6 ∂⊤Ψ˜β − xβ 6 x 6 Ψ˜− 6 x∂
⊤
β 6 Ψ˜− Ψ˜β (A.7)
in the above calculations, we have used the terms x ·Ψ = 0and x · ∂⊤ = 0. According to 1 and 2 we
can write the equation of motion as follow:
=⇒= −Q0Ψ˜β + Ψ˜β − 2xβ(∂
⊤ · Ψ˜)− ∂⊤β (∂
⊤ · Ψ˜)+ 6 x 6 ∂⊤Ψ˜β − xβ 6 x 6 Ψ˜− 6 x∂
⊤
β 6 Ψ˜ = 0 (A.8)
Finally, given Q
(1)
3
2
definition, we have:
(
Q
(1)
3
2
+
5
2
)
Ψ˜α + ∂
⊤
α
(
6 x ˜6 Ψ+ ∂⊤ · Ψ˜
)
− 2
(
γα ˜6 Ψ+ 6 x 6 ∂
⊤Ψ˜α − Ψ˜α
)
= 0. (A.9)
Appendix B: the auxiliary relationships
Here are some of the auxiliary relationships used in this article:
[∂⊤α , ∂
⊤
β ] = xβ∂
⊤
α − xα∂
⊤
β , [∂
⊤
α , xβ] = θαβ,
[xα, 6 ∂
⊤] = −γ⊤α , [γ
⊤
α , ∂
⊤
α ] = −4 6 x,
[Q0, 6 x] = −4 6 x− 2 6 ∂
⊤, [xα, Q0] = 2∂
⊤
α + 4xα,
[6 x, 6 ∂⊤] = 4− 2 6 ∂⊤ 6 x, γ⊤α = γα + xαx · γ,
[6 x, ∂⊤α ] = −γ
⊤
α , [6 x, γ
⊤
α ] = 2xα − 2γα 6 x,
[∂⊤α , 6 ∂
⊤] = 6 x∂⊤α − xα 6 ∂
⊤, [γ⊤α , ∂
⊤
α ] = −4 6 x,
[∂⊤α , Q0] = −6∂
⊤
α − 2(Q0 + 4)xα, [6 ∂
⊤, γ⊤α ] = −2γ
⊤
α 6 ∂
⊤ + 2∂⊤α + γ
⊤
α 6 x+ 4xα,
[Q0, γ
⊤
α ] = −8xα 6 x− 2 6 x∂
⊤
α − 2γ
⊤
α − 2xα 6 ∂
⊤.
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